Abstract. Using a configuration-interaction variational method, we accurately compute the reduced, singleelectron von Neumann and linear entropy for several low-energy, singlet and triplet eigenstates of helium atom. We estimate the amount of electron-electron orbital entanglement for such eigenstates and show that it decays with energy.
Introduction
The role of entanglement as a resource in quantum communication and computation [1, 2] has stimulated many studies trying to unveil its fundamental aspects as well as to provide quantitative entanglement measures [3, 4, 5] . More recently, the role of entanglement attracts growing interest in systems relevant for chemistry and biology. For instance, the role of quantum coherence and entanglement in atoms and molecules is investigated in laser-induced fragmentation experiments [6, 7] . Moreover, entanglement is discussed in light-harvesting complexes, governing the photosynthesis mechanism in proteins [8, 9, 10, 11, 12, 13] (for a critical view on the role of entanglement in photosynthesis see, however, Ref. [14] ). In such instances, due to the complexity of the involved systems, ab initio treatments are computationally prohibitive and one is forced to consider simplified (spin) models, with parameters introduced phenomenologically.
Besides computational problems for many-body quantum systems, one must address the problem of measuring entanglement for indistinguishable particles [15, 16, 17, 18, 19] . The main difficulty in quantifying entanglement is due to the symmetrization or antisymmetrization of the wave function for bosons or fermions. That is, to discriminate entanglement from correlations simply due to statistics of indistinguishable particles. In spite of this difficulty, bipartite entanglement has been investigated in a number of systems of physical interest, including the entanglement dynamics of electron-electron scattering in lowdimensional semiconductor systems [20] , the changes of the electronic entanglement during the dissociation process of diatomic molecules [21] , and the entanglement of low-energy eigenstates of helium atom [22] .
To evaluate entanglement in helium, Ref. [22] used high-quality, state-of-the art Kinoshita-type wavefunctions [23] , expressed in terms of Hylleraas coordinates [24, 23, 25, 26, 27] , and then computed the purity of the reduced, oneelectron density operator by means of a twelve-dimensional Monte Carlo numerical integration. In the present paper, we compute the reduced, single-electron von Neumann and linear entropy for several low-energy eigenstates of helium by means of a simple configuration-interaction variational method. Our approach has several advantages. First of all, we do not need to evaluate multidimensional integrals: the reduced density matrix is obtained by purely algebraic methods. The reduced density matrix can then be easily diagonalized and therefore we can access not only the linear entropy but also the von Neumann entropy. Finally, we express our variational, Slater-type basis, in terms of (radial and angular) single-particle coordinates, and therefore such Fock-state basis could be easily extended to many-body systems. Despite the above mentioned, still unsolved conceptual difficulties in the definition of entanglement for indistinguishable particles, we propose a way to evaluate the orbital entanglement for states close to Fock states. From such a measure we conclude that the amount of entanglement exhibited by helium eigenstates |1s, ns;
1 S and |1s, ns; 3 S drops with energy.
Entanglement of helium eigenstates
The non-relativistic Hamiltonian of the helium atom reads, in atomic units,
where Z = 2 denotes the nuclear charge, p i the momentum of electron i (i = 1, 2), r i its distance from the nucleus and r 12 the inter-electronic separation.
Since we are neglecting the spin-orbit interaction, we can consider global wavefunctions Ξ factorized into the product of a coordinate wavefunction Ψ and a spin wavefunction χ:
The overall state must be antisymmetric and therefore a measure [15] of the amount of entanglement E(|Ξ ) of the state Ξ has been proposed in terms of the von Neumann entropy of the reduced density operator R 1 = Tr 2 (|Ξ Ξ|) of one particle, say particle 1, obtained after tracing the overall, two-body density operator over the other particle:
with the von Neumann entropy
where {Λ i } are the eigenvalues of R 1 . However, with such definition a first problem arises. When considering the triplet subspace, spanned by the spin states χ ↑↑ , (χ ↑↓ + χ ↓↑ ) is a maximally entangled Bell state of the two spins while χ ↑↑ and χ ↓↓ are separable states. Therefore, the standard spectroscopic characterization in terms of triplet and singlet states is no longer useful for the purposes of computing entanglement and one should study separately the entanglement properties of the states composing the triplet. In this context, we would like to point out that, neglecting spin-spin interaction, the choice of the basis states spanning the triplet state is completely arbitrary and that the above discussed {χ ↑↑ ,
, χ ↓↓ } is only one in between the infinite possible choices.
To avoid this ambiguity, in this paper we compute the entanglement for the orbital part Ψ only of the wavefunction. Since Ψ is antisymmetric for spins in the triplet subspace, we can measure the amount of entanglement E(|Ψ ) of Ψ as follows:
where
is the von Neumann entropy of the reduced density operator ρ 1 = Tr 2 (|Ψ Ψ |), and {λ i } are the eigenvalues of ρ 1 . When the spin part of the wavefunction is in the sin-
(χ ↑↓ − χ ↓↑ ), the orbital part is necessarily symmetric and this causes an additional, open problem in the quantification of entanglement. Indeed in this case the reduced von Neumann entropy alone is not sufficient to discriminate between entangled and separable states [18] . The core of the problem is the fact that we can have separable states with either S(ρ 1 ) = 0 or S(ρ 1 ) = 1. The first instance corresponds to basis states of the kind Ψ ii (r 1 , r 2 ) = φ i (r 1 )φ i (r 2 ), the second to basis states like
On the other hand, even the quantification of entanglement of the global, antisymmetric wavefunction by means of Eq. (3) poses a problem. Indeed, as the von Neummann entropy is additive for tensor products, for the state Ξ = Ψ ii χ S Eq. (3) gives E(|Ξ ) = 0, while for the state Ξ = Ψ ij χ S (i = j) we have E(|Ξ ) = 1. Even though measure (3) gives different results, the amount of entanglement in both cases is the same, since the orbital wavefunctions Ψ ii and Ψ ij are both separable: the reduced density matrices for these two states have different entropies only due to the symmetrization of the state Ψ ij .
We will not address in this paper the unsolved problem of quantification of entanglement for a generic state Ψ . On the other hand, since from our calculations it turns out that for each low-energy helium eigenstate the reduced density operator for the orbital part is rather weakly perturbed with respect to one of the two above non-entangled cases, we expect that an approximate quantification of entanglement is provided by the distance between the von Neumann entropy S(ρ 1 ) of ρ 1 and the von Neumann entropy S(ρ for the corresponding noninteracting, non-entangled state:
We do not intend to propose an entanglement measure in a rigorous sense; that is not one satisfying all the requirements listed e.g. in [3] ; in particular we are not going to show that it is not increasing under Local General Measurements and Classical Communication. Our aim is just to have some provisional heuristics that could put some order in the data. We expect such quantification to be in general meaningful only in the regime of weak interactions, such that |S(ρ 1 ) − S(ρ
1 )| ≪ 1. Note, however, that for antisymmetric orbital wave functions this definition reduces to (5) and therefore could be applied in this case also for strong interactions.
Method
We compute with high accuracy the lowest energy eigenstates of helium by means of a variational method, the configuration-interaction method (see, for instance, Ref. [28] ). Orthonormal basis functions are provided by
where Y limi are spherical harmonics, with Ω i solid angle for particle i and the radial functions F n1,l1;n2,l2 (r 1 , r 2 ) are obtained after orthonormalizing the Slater-type orbitals
with ξ n,l variational parameters, and properly symmetrizing the products of the obtained one-particle radial wavefunctions f nl (r). That is, if the spin wavefunction is symmetric, F must be antisymmetric,
if the spin wavefunction is antisymmetric, F must be symmetric:
if (n 1 , l 1 ) = (n 2 , l 2 ),
otherwise. We then compute the reduced (single-electron) density matrix
with
with the multi-indexes
Since the expansion is done over an orthonormal basis the reduced density matrix on that basis is simply given by a partial trace over the second particle of the overall density matrix:
. We point out a major advantage of the configurationinteraction method and the use of orthonormal orbitals: the reduced density matrix is obtained by purely algebraic methods, without numerical computation of the multidimensional integrals of Eq. (13). The reduced density matrix can then be easily diagonalized and in this paper we will study the entanglement properties of helium by means of the eigenvalues λ k of ρ 1 . We will limit our investigation to the ground state and singly excited eigenstates of helium. While doubly excited states can also be addressed by our method, their investigation requires, as well known in the literature [29, 30, 31, 32, 33] , much larger basis dimensions.
Numerical results
In the following, we will present data only for total orbital momentum quantum number L = 0, thus implying l 1 = l 2 ≡ l and m 1 = − m 2 .
We first discuss convergence of our method, as a function of the number n max (l) of radial wavefunctions for a given l and as a function of the cut-off l max on l. For the low-energy states discussed below, we found that l max = 2 (S, P, and D shells) and n max ≈ 10 − 20 (from n max = 10 for the ground state up to n max = 20 for the highest excited states reported below) are sufficient to reproduce helium eigenergies with at least four significant digits (as deduced from comparison of our results with those of Refs. [23, 25, 26, 27] ) and reduced von Neumann entropy S(ρ 1 ), estimating at least two-three significant digits. To illustrate the convergence of our method, we provide in Table 1 the obtained values of S(ρ 1 ) of the ground state of helium for different values of the cut-offs l max and n max (we take the same n max for all values of l). We also show in Fig. 1 the spectrum of the reduced density matrix ρ 1 , that is, the eigenvalues λ k versus k, for a few exemplary cases: the ground state |(1s) 2 ; 1 S and the lowest energy excited states |1s, 2s;
1 S and |1s, 2s; 3 S . We note that in the case of the ground state there is a single dominant eigenvalue, The reduced von Neumann entropy S(ρ 1 ), as well as the linearized entropy S L (ρ 1 ) = 1 − Tr(ρ 2 1 ) often used in the literature, are shown in Table 2 and in Table 3 for several low-energy singlet and triplet eigenstates, respectively.
Since the obtained values of the von Neumann entropy are very close to those expected for Fock states, which are separable, the entanglement content is weak and can be estimated by means of Eq. (7). The obtained results are shown in Fig. 2 as a function of the state number n, for both singlet states |1s, ns; 1 S and triplet states Table 3 . Same as in Table 2 , but for the lowest energy triplet eigenstates of helium.
|1s, ns; 3 S . Note that data, with the exception of the ground state value of entanglement, are consistent with a power law decay of entanglement with n. From a powerlaw fit we obtained E(n) = 0.19 n −4.41 for singlet states at n ≥ 2 and E(n) = 0.040 n −3.19 for triplet states. The same entanglement data are shown as a function of energy in the inset of Fig. 2 . It can be clearly seen that the entanglement content drops with energy. This result is rather intuitive in that for states |1s, ns;
1 S and |1s, ns; 3 S the wave functions corresponding to the states 1s and ns are localized farther apart for larger n. Therefore, electronelectron interactions become weaker (and entanglement smaller) when n increases.
We note that, due to a different definition of entanglement, the energy-dependence obtained in our results contrasts the one obtained in Ref. [22] . Our present ap- Fig. 2 . Entanglement of the singlet states |1s, ns; 1 S (circles) and of the triplet states |1s, ns;
3 S (triangles) as a function of n (main plot, with logarithmic scale for both axes) and of the energy W of the eigenstates, measured in hartrees (inset, logarithmic scale only for the E-axis).
proach differs from the one in Ref. [22] because we focus exclusively on the entanglement associated with the spatial part of the two-electron wave function, while Ref. [22] considers the entanglement associated with the global twoelectron state, taking spin explicitly into account. In that paper, the amount of entanglement of state Ξ = Ψ χ is defined as Table 2 ). On the other hand, this definition does not take into account the fact that S L (ρ 1 ) for the state |(1s) 2 ; 1 S is much smaller than for the states |1s, ns; 1 S , with n > 1, not due to a smaller entanglement content but as a consequence of the symmetrization of the orbital part of the wavefunction. Indeed, as discussed at the end of the Sec. 2, for the state |(1s) 2 ; 1 S we have S(ρ We also point out that a measure of the degree of quantum correlations in multipartite systems was proposed in Ref. [34] . In that paper, the degree of correlations of a N -particle bosonic of fermionic system was estimated by means of the inverse participation ratio of the eigenvalues λ k of the reduced single-particle density operator, multiplied by a factor N in the case of fermions to take into account the N -fold degeneracy of eigenvalues. However, such definition does not take into account the fact that, for symmetric wave functions, the degree of degeneracy of the eigenvalues λ k is not unique, see the above described difference between the states |(1s) 2 ; 1 S and |1s, ns; 1 S .
Conclusions
In this paper, we have computed the reduced von Neumann entropy for several low-energy (singlet and triplet) eigenstates of helium. The von Neumann entropy has then been used to estimate the amount of entanglement of such states, showing that the entanglement of the states |1s, ns; 1 S and |1s, ns; 3 S decays with n, that is, with energy. This result is in agreement with the intuition, suggesting that when the electronic wavefunctions are localized far apart, electron-electron interactions are weak and therefore the entanglement is expected to be small. Our results can be seen as one of the first steps towards a "spectroscopy of entanglement" for atomic and molecular systems. While in this quest helium atom constitutes the simplest example, the variational scheme used in this paper may be extended to more complex systems, and the obtained numerical results could be used to test the validity, with respect to the calculation of the reduced von Neumann or linear entropy, of perturbative approaches or of simplified phenomenological models. Finally, we point out that, while our bipartite entanglement measure can be applied to wavefunctions close to separable Fock states, quantification of entanglement for generic states of indistinguishable particles remains an interesting open problem.
